Introduction {#Sec1}
============

It is well known that we often need to deal with the problem of approximating the factorial function *n*! and its extension to real numbers called the gamma function, defined by $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \Gamma (x)= \int_{0} ^{\infty }{t^{x-1}e^{-t}}\,dt,\quad \operatorname{Re}(x)>0, $$\end{document}$$ and the logarithmic derivatives of $\documentclass[12pt]{minimal}
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                \begin{document}$\Gamma (x)$\end{document}$ are called the psi-gamma functions, denoted by $$\documentclass[12pt]{minimal}
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                \begin{document}$\psi '(x)$\end{document}$ are called the tri-gamma functions, while the derivatives $\documentclass[12pt]{minimal}
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                \begin{document}$k = 1, 2, 3,\ldots$\end{document}$ , are called the poly-gamma functions.
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                \begin{document} $$\begin{aligned} \Gamma (x+1)=\sqrt{2\pi x} \biggl( \frac{x}{e} \biggr) ^{x} \exp \biggl( \frac{1}{12} \psi '(x+1/2) \biggr) \exp h(x) \end{aligned}$$ \end{document}$$ and $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} h(x)=\sum_{m=1}^{\infty } \frac{B_{2m}}{2m(2m-1)x^{2m-1}} -\sum _{m=1} ^{\infty } \frac{B_{m-1}}{12(x+1/2)^{m}}, \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$k\geq 0$\end{document}$, noting the Bernoulli numbers which are generated by $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \frac{z}{e^{z}-1}=\sum_{k=0}^{\infty }B_{k} \frac{z^{k}}{k!}. \end{aligned}$$ \end{document}$$ It is found that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} h(x)=\frac{1}{240x^{3}}-\frac{11}{6720x^{5}}+\frac{107}{80{,}640x^{7}}- \frac{2911}{1{,}520{,}640x ^{9}}+O \biggl( \frac{1}{x^{11}} \biggr) . \end{aligned}$$ \end{document}$$

However, those coefficients of the asymptotic formula ([1.1](#Equ1){ref-type=""}) are not complete. The asymptotic expansion of $\documentclass[12pt]{minimal}
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                \begin{document}$\Gamma (x+1)$\end{document}$ via the tri-gamma function can be generalized to the general cases by the arguments in \[[@CR2]\] as follows.

Barnes (1899) and Rowe (1931) have shown that $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \begin{aligned}[b] \ln \Gamma (z+a)&= \biggl(z+a-\frac{1}{2}\biggr)\ln z-z+ \frac{1}{2} \ln 2\pi \\ &\quad{} +\sum_{k=1}^{n} \frac{(-1)^{k+1}B_{k+1}(a)}{k(k+1)}z^{-k}+O\bigl(z^{-n-1}\bigr), \end{aligned} \end{aligned}$$ \end{document}$$ where $\documentclass[12pt]{minimal}
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                \begin{document}$B_{k}(x)$\end{document}$ is the Bernoulli polynomial. If $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \ln \Gamma \biggl(z+\frac{1}{2}\biggr)=z(\ln z-1)+\frac{1}{2} \ln 2\pi +\sum_{k=1} ^{n}\frac{B_{2k}(\frac{1}{2})}{2k(2k-1)}z^{1-2k}+O \bigl(z^{-2n-1}\bigr) \end{aligned}$$ \end{document}$$ for $\documentclass[12pt]{minimal}
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                \begin{document}$\varepsilon >0$\end{document}$ listed in \[[@CR2]\], p. 32, (5). We can get as $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \ln \Gamma \biggl(x+\frac{1}{2}\biggr)=x\ln x-x+\frac{1}{2} \ln 2 \pi +\sum_{k=1} ^{\infty }\frac{B_{2k}(\frac{1}{2})}{2k(2k-1)} \frac{1}{x^{2k-1}}. \end{aligned}$$ \end{document}$$ So we consider a function $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} \Gamma (x+1)=\sqrt{2\pi } x^{x+1/2} e^{-x} \exp \biggl( \frac{1}{12} \psi ' \biggl( x+\frac{1}{2} \biggr) \biggr) \exp h(x). \end{aligned}$$ \end{document}$$ By ([1.7](#Equ7){ref-type=""}), one can easily obtain that as $\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} h(x) &=\ln \Gamma (x+1)-\frac{1}{2} \ln 2\pi - \biggl( x+ \frac{1}{2} \biggr) \ln x +x -\frac{1}{12}\psi ' \biggl( x+\frac{1}{2} \biggr) \\ &=\sum_{n=1}^{\infty }\frac{B_{2n}}{2n(2n-1)} \frac{1}{x^{2n-1}}- \frac{1}{12}\frac{d^{2}}{dx^{2}}\ln \Gamma \biggl( x+ \frac{1}{2} \biggr) \\ &=\sum_{n=1}^{\infty } \biggl( \frac{B_{2n+2}}{2(n+1)(2n+1)}+\frac{(1-2^{1-2n})B _{2n}}{12} \biggr) \frac{1}{x^{2n+1}}. \end{aligned}$$ \end{document}$$ Thus, together with ([1.8](#Equ8){ref-type=""}) the asymptotic expansion can be explicitly expressed as $$\documentclass[12pt]{minimal}
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                \begin{document} $$\begin{aligned} c_{n}=\frac{B_{2n+2}}{2(n+1)(2n+1)}+\frac{(1-2^{1-2n})B_{2n}}{12}, \end{aligned}$$ \end{document}$$ here $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$B_{n}$\end{document}$ denotes the Bernoulli number.

In this paper we will apply the *multiple-correction method* \[[@CR3]--[@CR5]\] to construct a new asymptotic expansion for the factorial n! and the gamma function via the tri-gamma function.

Theorem 1 {#FPar1}
---------
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                \begin{document} $$\begin{aligned} \Gamma (n+1)\sim \sqrt{2\pi n} \biggl( \frac{n}{e} \biggr) ^{n} \exp \biggl( \frac{1}{12}\psi '(n+1/2) \biggr) \exp \bigl( \eta_{1}(n)+\eta_{2}(n) \bigr) , \end{aligned}$$ \end{document}$$ *where* $$\documentclass[12pt]{minimal}
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                \begin{document}$$ \eta_{1}(n)=\frac{\frac{1}{240}}{n^{3}+\frac{11}{28}n}, \quad\quad \eta_{2}(n)= \frac{ \frac{193}{282{,}240}}{n^{7} + \frac{108{,}338}{44{,}583} n^{5} - \frac{21{,}252{,}897{,}179}{59{,}061{,}418{,}416} n^{3} + \frac{997{,}042{,}514{,}542{,}183}{188{,}081{,}086{,}945{,}752} n}. $$\end{document}$$

Using Theorem [1](#FPar1){ref-type="sec"}, we provide some inequalities for the gamma function.

Theorem 2 {#FPar2}
---------
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                \begin{document} $$\begin{aligned} \exp \eta_{1}(n)< \frac{n!}{\sqrt{2\pi n} ( \frac{n}{e} ) ^{n} \exp ( \frac{1}{12}\psi '(n+1/2) ) } < \exp \bigl( \eta _{1}(n)+\eta_{2}(n) \bigr) . \end{aligned}$$ \end{document}$$

To obtain Theorem [2](#FPar2){ref-type="sec"}, we need the following lemma which was used in \[[@CR6]--[@CR8]\] and is very useful for constructing asymptotic expansions.

Lemma 1 {#FPar3}
-------
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Lemma [1](#FPar3){ref-type="sec"} was proved by Mortici in \[[@CR6]\]. From Lemma [1](#FPar3){ref-type="sec"}, we can see that the speed of convergence of the sequences $\documentclass[12pt]{minimal}
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Proof of Theorem [1](#FPar1){ref-type="sec"} {#Sec2}
============================================

*(Step 0) The initial-correction.* We can introduce a sequence $\documentclass[12pt]{minimal}
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From ([2.1](#Equ15){ref-type=""}), we have $$\documentclass[12pt]{minimal}
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The new asymptotic ([1.11](#Equ11){ref-type=""}) is obtained.

Proof of Theorem [2](#FPar2){ref-type="sec"} {#Sec3}
============================================
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The proof of Theorem [2](#FPar2){ref-type="sec"} is complete.

Numerical computations {#Sec4}
======================

In this section, we give Table [1](#Tab1){ref-type="table"} to demonstrate the superiority of our new series respectively. From what has been discussed above, we found out the new asymptotic function as follows: $$\documentclass[12pt]{minimal}
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Mortici and Qi \[[@CR1]\] gave the formula $$\documentclass[12pt]{minimal}
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We can get the approximation by truncation of the asymptotic formula ([1.9](#Equ9){ref-type=""}) $$\documentclass[12pt]{minimal}
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